Abstract-The analysis of feed-back carrier phase recovery is investigated in long-haul high speed n-level phase shift keying (n-PSK) optical fiber communication systems based on the one-tap normalized least-mean-square algorithm. The close-form expressions for the estimated carrier phase and the bit-error-rate floor have been derived in the n-level phase shift keying coherent optical transmission systems. The results show that the one-tap normalized least-mean-square algorithm works well in the carrier phase recovery, but will be less effective with the increment of modulation level, in the compensation of both intrinsic laser phase noise and equalization enhanced phase noise.
In the previous paper, an analytical derivation for the one-tap normalized least-mean-square carrier phase estimation method has been carried out based on the quadrature phase shift keying (QPSK) coherent optical transmission system [60] . It has been found that the one-tap normalized least-mean-square equalizer behaves similar as the traditional differential detection in the carrier phase estimation for compensating both intrinsic laser phase noise and equalization enhanced phase noise [60] [61] [62] . However, with the development of the optical fiber networks, and the increment of transmission data capacity, the QPSK modulation format cannot satisfy the demand of the high speed optical fiber communication systems any more. Therefore, the analysis on the carrier phase recovery should also be updated correspondingly for the optical fiber transmission systems using higher-level modulation formats, such as n-level phase shift keying (n-PSK).
In this paper, a theoretical assessment for the carrier phase recovery using the one-tap normalized least-mean-square algorithm in the n-level phase shift keying coherent optical transmission systems has been discussed in detail. The analysis of the one-tap normalized least-mean-square algorithm has been presented, and the close-form expressions to predict the estimated carrier phase and the bit-error-rate (BER) Digital Feed-Back Carrier Phase Recovery in n-PSK Coherent Optical Fiber Systems Tianhua Xu, Member, IEEE M performance, such as the BER floor in the carrier phase recovery process, have also been described. It can be found that for the n-level phase shift keying optical transmission systems, the one-tap normalized least-mean-square algorithm still shows a similar performance compared to the traditional differential carrier phase recovery. It can also be seen that the one-tap normalized least-mean-square algorithm works well in the carrier phase recovery for the n-level phase shift keying optical fiber communication systems, but will be less effective with the increment of modulation level, for compensating both intrinsic laser phase noise and equalization enhanced phase noise.
II. LASER PHASE NOISE AND EQUALIZATION ENHANCED PHASE NOISE IN N-PSK TRANSMISSION SYSTEMS
In the n-level phase shift keying coherent optical communication system, the variance of the intrinsic phase noise from the transmitter (Tx) laser and the local oscillator (LO) laser can be expressed as follows, see e.g. [13, 14] 
where Δf Tx and Δf LO are the 3-dB linewidths of the transmitter laser and the LO laser respectively, and T S is the signal symbol period of the coherent transmission system. It can be found that the phase noise variance decreases with increment of the signal symbol rate R S =1/ T S .
However, due to the interaction between the dispersion and the LO laser phase noise, the noise variance of the equalization enhanced phase noise in the EDC based optical transmission systems can be expressed as follows, see e.g. [44, 47] 
where f LO is the LO laser central frequency, which is usually equal to the transmitter laser central frequency f Tx , D is the chromatic dispersion coefficient of the transmission fiber, L is the transmission fiber length, and λ=c/f Tx =c/f LO is the central wavelength of the optical carrier wave. It can be seen that the EEPN noise variance increases with increment of the transmission symbol rate, which gives a reverse influence compared to the laser phase noise.
III. ONE-TAP NORMALIZED LEAST-MEAN-SQUARE ALGORITHM IN N-PSK TRANSMISSION SYSTEMS

A. Analysis of one-tap normalized least-mean-square carrier phase recovery
As an adaptive feed-back algorithm, the transfer function of one-tap normalized least-mean-square carrier phase recovery can be expressed as follows,
where k is the symbol index, and x(k) is the input symbol, y(k) is the output symbol, and w(k) is the tap weight of the one-tap normalized LMS equalizer, e(k) is the carrier phase estimation error.
According to the previous results in Ref. [60] , the carrier phase estimation error can be expressed as the follows:
Therefore, for the n-level phase shift keying coherent optical fiber transmission systems, the demodulation part will not cause any errors, when we have
It is known that, for the Lorentzian distributed laser phase noise,
follows a Gaussian distribution as the following expression: (10) where the noise variance
, when only the intrinsic laser phase noise is considered.
It can be found that, for the n-level phase shift keying transmission systems, the close-form prediction for the BER floors in the one-tap normalized least-mean-square carrier phase recovery algorithm also gives the same expression as the differential carrier phase recovery [60] [61] [62] . It means that the one-tap normalized least-mean-square carrier phase recovery in the n-level phase shift keying systems also behaves similar as the traditional differential carrier phase recovery.
B. Influence of equalization enhanced phase noise in the one-tap normalized least-mean-square carrier phase recovery
When the EEPN is taken into account in the one-tap normalized least-mean-square carrier phase estimation, we have the total noise variance in the optical fiber transmission system as the following expression,
Therefore, considering the equalization enhanced phase noise, the BER floor in the one-tap normalized least-mean-square carrier phase recovery in n-level phase shift keying coherent optical communication systems can be evaluated as,
IV. RESULT The BER floors for different noise variances in the n-level phase shift keying coherent optical transmission systems are shown in Fig. 1 , where the one-tap normalized least-mean-square algorithm is employed for the carrier phase recovery. It can be seen that the performance of the optical communication systems is degraded by the phase noise (including the intrinsic phase noise and the equalization enhanced phase noise) more seriously with the increment of the phase noise variance and the modulation levels.
As shown in Fig. 2 , the BER floors for different laser linewidths in the n-level phase shift keying coherent optical transmission systems have also been investigated in the one-tap normalized least-mean-square algorithm carrier phase recovery. It can be found that the performance of the optical communication systems is also degraded by the phase noise more seriously with the increment of the laser linewidths and the modulation levels.
Considering the influence of equalization enhanced phase noise, the BER floors for different transmission distances in the one-tap normalized least-mean-square carrier phase recovery in the n-level phase shift keying coherent optical transmission systems are shown in Fig. 3 , where both the Tx and the LO laser linewidths are 2 MHz. It can be seen that the performance of the optical communication systems is degraded by the equalization enhanced phase noise more significantly with the increment of the transmission distances and the modulation levels.
V. CONCLUSION
The theoretical evaluation of the carrier phase recovery using the one-tap normalized least-mean-square algorithm in the n-level phase shift keying coherent optical transmission systems has been discussed. The close-form expressions for predicting the estimated carrier phase and the bit-error-rate performance in the one-tap normalized least-mean-square carrier phase recovery have been presented. For the n-level phase shift keying optical transmission systems, the one-tap Fig. 1 . BER floors versus different noise variances in the n-PSK coherent optical transmission systems using one-tap normalized least-mean-square carrier phase recovery. Fig. 2 . BER floors versus laser linewidths in the n-PSK coherent optical transmission systems using one-tap normalized least-mean-square carrier phase recovery. The indicated linewidth value is the 3-dB linewidth for both the Tx and the LO lasers. Fig. 3 . BER floors versus transmission distance in the n-PSK coherent optical transmission systems using one-tap normalized least-mean-square carrier phase recovery, when the equalization enhanced phase noise is considered. Both the Tx and the LO laser linewidths are 2 MHz. normalized least-mean-square algorithm still behaves similar as the traditional differential carrier phase recovery. It can be found that the one-tap normalized least-mean-square algorithm works well for the carrier phase recovery in the n-level phase shift keying optical fiber communication systems, but will be less effective with the increment of modulation levels, in compensating both intrinsic laser phase noise and equalization enhanced phase noise.
